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1. Introduction 
It is well known fact, from satellite observations concerned with the interaction of the solar wind 
and the Earth, Moon, Venus, and Mars, that fluid-like phenomena such as shock waves and wakes may 
occur when a collisionless plasma flows past an obstacle. Although these phenomena can be well ex- 
plained in most cases by the usual gasdynamical or magnetohydrodynamical descriptions (e.g. Spreiter 
et al., 1968), they should be confumed by the moment equations derived from the Vlasov-Maxwell 
equations. In particular, phenomena related to viscous-stress and heatconduction should be quite 
different from those in ordinary gasdynamics in their physical substance. At present we know that, 
instead of the usual viscosity and heatconduction, dissipation due to a micro-instability and dispersion 
due to the effect of finite Larmor radius play an important role in a magnetized plasma (e.g. Sagdeev, 
1966). The analysis of such dissipation, which appears in a micro-turblent flow, has been formulated for 
some cases, an example being the quasi-linear fluid equations for the fire-hose instability (Davidson & 
Vo’lk, 1968; Abraham-Shrauner, 1968). On the other hand, dispersion may play a role in both laminer 
and turblent flows. In this paper we consider a model flow to gain insight into the nature of the inter- 
action between spatial fluid motion and dispersion due to the effect of finite Larmor radius, within the 
linearized laminar theory. 
The equations of a modification of the Chew-Goldburger-Low (1956) theory of a collisionless 
plasma that retains effects of the finite Larmor radius have been derived by Thompson (1961), Macmahon 
(1965), Kennel and Greene (1966), and Frieman et al. (1966), and others. There results, however, a con- 
siderable increase in complexity. Not only are complicated correction terms added to the equation of 
motion, Ohm’s law, and the energy equations of the ordinary CGL theory, but the system of modified 
equations does not close in general. If, however, appropriate forms may be assumed for the zeroth-order 
terms in the Larmor radius expansions of the velocity distribution functions, the system is closed and the 
correction terms can be expressed by the closed variables. In this paper, the zeroth order terms in the 
Larmor radius expansions of the distribution functions of both ion and electron are assumed to be 
anisotropic Maxwellian, not necessarily with the same temperature. These forms have been assumed 
since they seem to be most plausible physically, but we shall find later that the results are not critically 
dependent on this assumption, at least in the present analysis. 
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Although there have been a number of applications of the modified CGL theory to stability prob- 
lems, previous applications to  wave or flow problems are limited to  the propagation of one-dimensional 
small-amplitude waves by Yajima (1966) and the nonlinear structure of a shock layer by Kennel and 
Sagdeev (1967b), and restricted to the case in which the field lines are straight and perpendicular to the 
wave or flow. In this paper, we consider the linearized problem of steady, planar flow, and field lines 
that are not necessarily perpendicular to the flow. 
Our problem is related in many ways to that of the propagation of small-amplitude planar waves 
studied previously by Yajima (1966). He investigated such waves propagating in the direction perpendicu- 
lar to the magnetic field on the basis of a modified CGL theory. In such a case, the effects of a finite 
Larmor radius of the ion appear in only the equation of motion and Ohm’s law. He found that the effect 
of a f d t e  Larmor radius is to increase the phase velocity by an increment proportional to the wave num- 
ber, and to produce a precursor with oscillatory structure in front of the main disturbance. Thus he 
showed that the correction terms of the pressure tensor in the modified CGL theory, which resemble the 
viscous terms in ordinary hydrodynamics, have a dispersive rather than dissipative property. He also 
studied the Green’s function of his modified CGL equation and showed that the asymptotic expressions 
for a large time and a great distance ahead of and behind the wave agree with solutions of the Shrodinger 
and diffusion equations, respectively. 
In this paper, we try to deal with the problem of linearized steady flow more generally, and finite 
Iarmor radius correction terms are added to the equation of motion, Ohm’s law and energy equations. 
Solutions are presented for the spatial development of an initial disturbance in a steady planar flow of a 
collisionless plasma for both crossed and alined magnetic field, and for various Mach numbers, Alfvkn 
Mach numbers, and anisotropic pressure ratios of the ion and the electron. In section 2, the closed sys- 
tem of equations is established according to the description by Macmahon (1965), but with the electron 
effects also taken into account. In sections 3 and 4, we consider crossed flow, in which the magnetic 
field is perpendicular to the main flow. Alined flow, in which the direction of main flow and magnetic 
field are parallel to each other, is considered in sections 5 and 6. 
For either crossed or a h e d  flows with no velocity gradient in the main flow direction, the velocity 
profile at an initial location is carried downstream without any deformation as in ordinary invisid gas- 
dynamics. If there is a velocity gradient in the main flow direction, however, a perturbation field, which 
is influenced by the effect of a finite Larmor radius, must be added to the initial profile. 
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In crossed flow, the perturbation field depends only on an effective Mach number, and hence the 
description is relatively simple. The flow field can be classified into two cases, subsonic and supersonic, 
according to whether the effective Mach number is less than or greater than unity. For either case, the 
perturbation field can be expressed by the superposition of the modified gasdynamical flow field and a 
dispersive field which decays exponentially downstream, although their properties differ appreciablly for 
the two cases. 
In alined flow, the description is more complicated than in crossed flow, since the perturbation 
field remains dependent, in general, on all five parameters, Mach number, Alf& Mach number, and 
anisotropic pressure ratios of the ions and the electrons. In addition, the basic equation is of higher order 
than that for crossed flow. However, the situation becomes relatively simple for sufficiently low and 
high Mach numbers. In this paper we consider such cases. For sufficiently low Mach number, the 
perturbation field is of a potential type as in the ordinary CGL theory, but the effect of a finite Larmor 
radius appears in the drift motion. On the other hand, for sufficiently high Mach number, but relatively 
low Alfvhn Mach number, the velocity disturbance in the main flow direction develops a short-scale 
perturbation field due to the effect of finite Larmor radius. This short-scale perturbation field evolves 
downstream into a large-scale transverse perturbation field, which is governed by another effect of finite 
Larmor radius. The short-scale perturbation depends on the anisotropic pressure ratio of the ions, and 
the large-scale one only on the AlfiAn Mach number. 
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2. Basic equations 
The modified CGL equations including effects of finite Larmor radius can be written as follows 
(cf. Macmahon 1965): 
apS - t v  .(psiis)'O at 
where the suffix s must be replaced by i and e for the ions and electrons. Equations (1) and (2) 
have been derived from the zeroth and first moments of the Vlasov equation, and (3) and (4) from the 
double products of the second moment equation with the tensors FIgl and e2e2 t e3e3, where 
el, e2 and g3 are the unit vectors of a Cartesian coordinate system and ;l is placed in the direction 
of the magnetic field. Here and in the following, we use the notations d/dt = a/at t ss V, 
VII = el(el . Q), and VI =;dG V) t;3(< . V) = V - VII, and denote scalar, vector, and tensor 
products of two vectors f and 5 by a . by a X by and ?$, respectively. The mass density, the 
number density, and the flow velocity of each species are denoted by p,, ns, and i?s, and the self- 
consistent electric and magnetic fields by E and 5. The zeroth-order terms of the pressure tensor in 
the Larmor radius expansion can be expressed, as is well h o d ,  by 
-LA -%.& 
* - L  
4 - b  
,-LA 4 
-L 
The longitudinal and transverse pressures psll and pd and the longitudinal and transverse heat 
fluxes qsll and qd will be defined by (14) and (1 5) below. 
The first-order terms in the Larmor radius expansion of the pressure tensors may be written 
as follows: 
where P,, 1'= 0, Ps,22 = -Ps,33 
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1 ,  
p S , 1 2 ~ ~ + p s , 1 3 ~ 3 = -  e l  x [ ( ~ P S ~ ~ - P S ~ > ( G  * V ) ~ ~ , + P ~ ~ ( V ~ ~ ) *  < 
II 
+ 2(SSll - qs$ V F 1  + V l d l  1 
+ ..L .?-+ + -  * &  
where A . B (or A . b) and A : B denote single and double products of tensors A and B 
(or vector % 1. 
On the other hand, Q:;) and QZ) may be expressed as follows: 
where 
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In the above relations, psll, pSk qsll, qd, Rsl, Rs2, and RG are the scalar quantities defined by 
the zeroth-order term in the Larmor radius expansion of the velocity distribution function, 
where$s is the thermal velocity of each species, and vsl, vs2, and us3 are its components alongZl, 
e2,and e3. 
The quantity C l =  esB/ms denotes the Larmor frequency, where es and m, are the particle 
charge and mass. Here it should be noticed that Qi/S2, = me/m,, and therefore that $d" is neghgible 
-L -L 
compared with .f;('). On the other hand, Q and Q 
i ell i II 
are of the same order as Q and Q il (1) 
and all four terms must be retained. 
Now, we take the summation over s in (1) to (4), and introduce the total quantities 
where c is the speed of light. In addition, we use the relations pi = p,Gi =G, and 
in the approximation of the above orders. Thus we obtain 
= $- BT/Qip 
*+ at V.(pit)=O (17) 
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which may be used instead of (1) to (4) for the ions. 
L 
The first moment equation for the electrons can be written in terms of iie and J as 
Since the terms Fez and pe(dce/dt) are of order (u/c) 2 and me/mi, respectively, when compared 
a i r  
with the term J X B, the fsst moment equation for the electrons reduces to the following generalized 
ohm's law: 
-L E +Gx S=,p 1 B - -  (J x B - v .pel + 
i 
Equations (1) through (4) or their replacements, (17) through (20), are supplemented by 
Maxwell's equations 
(22) 
(23) 
S a a  
a5 
V X- p J + P (e?) 
V X E = - x  
V. ' i i -0  (24) 
V .(el!) =Fe (25) 
The above system of equations does not close in general. However, if an appropriate form may be 
assumed for the zeroth-order terms in the Larmor radius expansions of the velocity distribution func- 
tions, the system of equations is closed and correction terms are expressed by closed quantities. In this 
paper we assume the zeroth-order distxibution function of each species to be anisotropic Maxwellian, 
that is, 
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where kn, v2 SI 4') s d< and Td =E$ut2 t u $ ( ~ )  d< are local longitudinal and transverse 
temperatures, ani  h is the Boltzmann c&stait. Although the form of (26) has been assumed because 
it seems to be most plausible physically, selection of the precise form of the velocity distribution func- 
tion appears to be of secondary importance, at least in the present analyses. For instance, if we assume 
an anisotropic rectangular velocity distribution, only a slight change in the coefficients of heat fluxes 
for alined flow results. In addition, there is no effect on flows with high or low Mach number. Upon 
substituting the above relations into (14) to (16) and carrying out the indicated integrations, we obtain 
Now, we restrict ourselves to steady flow, and substitute (27) to  (29) into the general system 
of equations given above to  arrive at the following simpler system of equations: 
V.(pi)=O (30) 
(3 1) 
e* -L p(e. vp+ V .  P- J X  B = -V 7') 
+ 
V X @ X S ) = &  1 V X + T X 3 - V . P e )  (34) 
.* 
B J = V X -  
c1 
-L 
v . 3 = 0  
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The expressions for P , Qll (l) , Q, (l) , QeIl (l) , and Qii) on the right-hand sides of (31) to (33), ( 3 9 ,  
and (36) should also be simplified by use of (27) to (29), and the current density s" may be eliminated 
easily by use of (37). 
Finally, we shall derive the system of linearized equations. We assume that all quantities differ 
only slightly from their nominal values at a reference location, and introduce the new notation 
p + p t p ' , u + u + u ', and so on, in which the first term in each of the new expressions denotes 
the reference value and the second term with a prime, the perturbations. Substitution of these 
expressions into (30) to (38) and elimination of all higher order perturbations terms lead to the 
following system of linear equations: 
p v  .ii' t (C. V)p ' = 0 (39) 
(43) 
v x ( 3 x ~ ' ) - v x ( B x ? ) = - - ( B x f ' + v . ~ ~ )  B 
QiP 
(46) 
(47) 
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3. Crossedflow 
The main flow is assumed to be in the xdirection of a Cartesian coordinate system, and the 
magnetic field in the direction. Then we can take 5 = [v, 0 ,  01 , 3 = [o, 0,  B] , b' = [u, v, 01 
B ' = [o, 0 ,  Bz] , $l = [o, 0,1] in the linearized system given by (39) to  (50). We assume that there 
is no change in the z-direction, and obtain 
A 
au av 
ax ax ay 
uap' t p(- +-) = 0 
uax P; t2p1(-& au +$=O av 
au av U -tB(- +- ax ax a$=' 
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in which A = a 2 2 2 2  /ax  t a lay is the Laplacian operator. Equations(51), (54), (57), and (58) can be 
regarded as relations from which p ', p ', pi,, , and pdl may be determined directly from knowledge of 
other quantities. The remaining equations give four relations with respect to four unknowns u, v, pi, 
and Bz. It is convenient at this point to convert (52), (53), (55), and (56) to dimensionless form by 
expressing u, v, pi, and BZ in units of the flow speed U, the transverse pressure ply and the 
magnitude B of the magnetic field at a reference location, measuring the coordinate x and y in 
2 2  units of pil/2pUai, and introducing the dimensionless parameters M:= pU2/2p1 and A2=ppU /B . 
The resulting equations are 
II  
a p i  a u + a v  
ax - t 2 ( a x  @ = O  
a u t a v  
ax a x  ay  t- - 0 - 
Eliminating all the quantities except u, we can get 
where A2 = a4/ax4 t 2a4/ax2 ay2 t a4/ay4 is the biharmonic operator and 
Me= { M I A  /(MI + A  1) * is the effective Mach number. Equation (63) shows that the 
perturbation field in a crossed flow depends only on the effective Mach number, and is independent 
of the relations among the anisotropic pressures of the ions and the electrons. It is essential, however, 
that the pressure ratios be such that mirror or fire-hose instabilities do not occur (Kennel and 
Sagdeev 1967a, - -  b).
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On the basic line (x = 0), the velocity field is assumed to be 
a u  a% 
= uo(y), ax = u$y), - = uO(y). - - - - - 
ax2 
At a line far downstream (x + =), the perturbation is assumed to be finite in the sense that au/ax must 
satisfy the Dirichlet condition: 
In order to solve the boundary value problem presented by (63) to (65), we shall make use of 
the Fourier transform, e.g. 
Then the above problem is reduced to solving an ordinary differential equation 
- -(2c; 
Me 
for the boundary conditions 
for x = O  
N 
u’<=  for x + -  
Clearly, the solution may be expressed in the form 
where the exponents X, may be found from the characteristic equation corresponding to (66) 
= * (ut 52 It (a2 - c;2)”) ?4 (70) 
in which a = (1 - M,2)/2M,2. Thus a > 0 for a ‘subsonic flow’ (Me < 1) and -% < u < 0 for a 
‘supersonic flow’ (Me > 1). On the other hand, the coefficients Cn are determined from the 
boundary conditions (67) and (68). 
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Once G’ has been found in the transform plane, the corresponding perturbation velocity in the 
physical plane can be given in the form 
u=uo(y)+JxF-’ [c’ldx 
0 
[I c’eity denotes the inverse Fourier transform of ?: 1 where F‘l [;’;’I =- 
(2d* 
Equation (71) shows that if there is no velocity gradient in the direction of the main flow, the 
velocity profde at an initial location is carried downstream without any deformation. If, however, 
the flow has a velocity gradient in the main flow direction, a perturbation field influenced by a finite 
Larmor radius effect will be established and it will be superposed on the initial velocity profile. 
4. Crossed stream with a velocity gradient 
As a simple example of a flow having a velocity gradient, consider the case for which 
In particular, if u$y) is the Dirac delta function 6(y), the analysis becomes very simple. Although 
such a boundary condition seems to be beyond the small perturbation restriction of the linearized 
equations, it does not lead to any essential discrepancy for the properties of the downstream flow. 
In fact, if au/ax = f(x,y) is the solution corresponding to the initial velocity gradient ud= 6(y), 
the solution corresponding to an arbitrary ub = $(y) is given, according to the convolution theorem, 
by 
Equation (73) can be integrated for a relatively simple $(y). For instance, if ud = H(y + L) - H(y - L), 
where H(y) is the unit step function, we have 
Thus, we shall hereafter consider the initial disturbance to be ub = 6(y). 
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The flow field can be conveniently classified into two cases: subsonic flow (Me < 1 and a > 0) and 
supersonic flow (Me > 1 and 44 < a < 0). In either case, the solution may be presented generally in the 
definite integral form with respect to a parameter E introduced by the inverse Fourier transform. Al- 
though we cannot evaluate such integrals exactly, it is relatively easy to find their numerical solutions 
by using an electronic computer or to find their asymptotic expressions for large x or lyl by making 
approximations in the functional form of the integrand and in the region of integration. Since we have 
used pd/2pUQi = (pil/pl)’R/4Ml (where R is the average Larmor radius of the ions) as the spatial 
scale length, and our basic equations give the correct description for phenomena of the scale LSR,  the 
results should be of physical significance, especially for Mi>l , for flow systems that are large in com- 
parison to our spatial scale length. 
Subsonic flow (case of a > 0) 
For flow with a > 0, the exponents A, are real for)& a and complex for 1 ,$I> a. Then au/ax 
can be expressed in the form 
Integrals in (75) can be evaluated numerically by making use of an electronic computer. The distribution 
of au/ax in the y-direction at several locations of x are shown in figure 1 for Me2 = 0.5. There are also 
plotted the curves given by (79), corresponding to the ordinary CGL flow field. 
Consider now the asymptotic expessions for large x and Iy I, and the way in which they differ 
from those of the ordinary CGL flow field. In the first integral on the right-hand side of (79 ,  the first 
term of the integrand (76) may be neglected for a sufficiently Iarge x. On the other hand, the contri- 
bution from the second term may be dominant only near .$ = 0. Hence, we can substitute the expansions 
about .$ = 0 for A1 and A2, and take into account only their dominant parts. Furthermore, by replacing 
the integral variable by u = Ex, we may extend the upper limit of the integration to infinity for a large x. 
Thus, we obtain 
m 
la f(x,y,.$)d.$ - J e-0' c o s ( 2  o)do X 0 0 
where 0 = [(2at 1)/2aJ +5 = (1 - M:)-%. Evaluation of the definite integral on the right-hand side of 
(78) indicates that 
which coincides with that in the ordinary CGL flow field. 
Next we consider the second integral on the right-hand side of (75). For large x, the contribution 
from near the minimum of the exponent a, corresponding to 5 = a, is dominant. Hence, we put 
t2 = a2 + q2, change the integral variable from .$ to r ) ,  and take into account only the contribution 
from the neighborhood of Q = 0. Then 
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where 7 = [a(a + l)] % and r = 4y3/a( 2 a  + 1)2. 
If IyI is not too large, we may approximate cos(ay + yq2/2a) by cos(ay). In such a region, 
the integral (80) can be expressed explicitly by 
3 b2 a - 2  
where lF1(l;? ;-a) = J e-aq sin(2bq)dq denotes a degenerated hypergeometric 
0 
function. On the other hand, if I y I is much larger than x, the integral may converge without the 
aid of the exponential term due to the contribution of cos(ay + yq 2 /2a). In such a region, we can 
again evaluate the definite integral of (80) by taking the exponential term to be unity 
M 
j g(x,y,t)dt - -2y2eyx (2)" { S(zH) cos(alyl - z) + C(z') sin(aly 
0 alyl 
- 
Ir Z 
where z = a x  2 2  /8y lyl, and S(zx)=(-;;) 2 %  j sino2du and C(Z?')=(---) 2 %  C O S U  2 d o  
0 0 
denote the Fresnel's sine and cosine functions, respectively. 
Thus, in a subsonic flow with crossed magnetic field, the perturbation field may be expressed by 
the superposition of a modified gasdynamical-type field and dispersive-type field. The former is given 
by the first term in the right-hand side of (75) and tends to the ordinary CGL flow far downstream. The 
latter is given by the second term and decays exponentially downstream with a decay rate that approaches 
infinity as the effective Mach number tend to zero. 
Supersonic flow (case of -% < a < 0) 
For convenience, let -a= k. Then, the exponents An are pure imaginary for I t  I <  k and com- 
plex for it I > k. The latter range may be subdivided into k<  If I < k % and I t I > k% according to 
2 whether the real part of An is positive or negative. Thus, au/ax can be expressed as follows: 
-17- 
+nx an 
bn 
b(x,y,t) = e { cos(bnx) + - cos(bnx)} cos(ty) (n = 1,2) 
Numerically calculated curves of (83) are shown in figures 2 and 3 for M: =2 and infinity, respectively. 
Consider now the asymptotic behavior of the first integral in (83). Along the characteristics y = +px, 
where p= [(1-2k)/2k] ll2, the dominant contribution arises from the vicinity of = O  in the first term of 
the integrand (84), as is seen by putting pi *& = r] and changing the integration variable from to r] .  
In fact, it can be expressed as 
The function F(q) has a singularity of the order of r)-2/3 at r ]  = 0 ( E  = 0) in the above interval of inte- 
gration. Thus, for x 9 1 and y = $x, we can estimate that 
-18- 
On the other hand, for I y I 9 x 9 1 , the dominant contribution arises from the neighborhood of 
f = k, since integrand (84) has the order of unity in the indicated interval of integration except for the 
vicinity of E = k, and there it becomes larger proportional to x. Now we put f 2  = k2 - q2 and use 
the qexpansion. Next we introduce o = xq/4y, with 7 = [k( 1 - k)] 'y and change the integration 
variable from 1) to o. Then, we keep only the dominant term and extend the upper limit of the 
integration to infinity for large x. Thus, we get the following reduced integral: 
2 
42 
U sino cos(kly1- -)do 
where z = kx2/8 T2 l y I .  This definite integral can be evaluated to obtain 
The asymptotic expression for the second integral of (83) can be determined by use of the same 
procedure as in the second integral of (75). It is 
3 k r  
g1 (x,y,t;)df - e'Tx cos(ky) - kFl  F1 (1; 3 ; -  
71 - - - 2 r 2  e q x  (-)' cos(kx) 
klyl (89) 
* { S(z') cos(kly1 -z) +C(z") sin(kly1 -z) ( l y l 9 x 9  1) 
where f = T3/k3F4. 
On the other hand, the asymptotic expression for the last integral of (83) can be found easily 
owing to the exponential term. Taking into account the dominant contribution from the neighborhood 
of the minimum of the exponent a2, we let 
q-expansions of a2 and b2. Thus, the last integral may be approximated by 
= k% + q and consider only the dominant terms in the 
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where a = (;iT/2)’, b = k’(1 + 1/4a2)/2a and c = -k’( 1 - 1/4a2)/2a. This definite integral can be 
evaluated to obtain 
- cos(bx f k? + + tan-’ z) a x f y  
Asymptotic curves given by the sum of (88), (89) and (90) are shown on figures 2 and 3, and may 
be compared with the curves obtained numerically from (83). 
Thus, for a supersonic crossed flow, we obtain the following results. The perturbation field con- 
sists of a modified gasdynamical-type field given by the first term of (83) and an exponentially decaying, 
dispersive-type field given by the second and third terms of (83). The main disturbances propagte in 
nearly the two characteristic directions, but their magnitude decrease gradually, that is in the order of 
I/X., in the downstream direction, and dispersion waves are sent out to both sides of them. Far down- 
stream, the flow field no longer tends to the ordinary CGL flow field. 
5 .  Alinedflow 
1 
Consider now the case in which the main magnetic field is parallel to the direction of flow, and 
along the x-axis of a Cartesian coordinate system. Under the assumption that there is no change in 
the zdirection, we have that ‘i; = [U, 0, 01 , B = [B, 0 ,  01 , 
El = [l , By/B, Bz/B] , a/ aZ = 0 in the system of linearized equations (39) to (50). Thus, the 
following equations are obtained 
A 
= [u, v, w] , %  ’ = [B , B , Bz] , X Y  
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where u, v, and w have been made dimensionless by U, and Bx, By, and B, by B, and the other 
quantities by their values at a reference location. In addition, we have used the following dimensionless 
parameters: 
I 
where L is a typical length of a hydrodynamical phenomenon and R is the Larmor radius of the ion. 
The above equations, in principle, give the correct description for L/R % 1. 
It is troublesome to derive the differential equation satisfied by a perturbation quantity from (91) to (101). 
However, we can easily determine that the partial differential equation governing the x4erivative of a perturba- 
tion quantity contains only even order derivatives with respect to both x and y. Thus, if there is no velocity 
gradient in the main flow direction, as in a crossed flow and also in ordinary invisid gasdynamics, the down- 
stream velocity field may retain the upstream profile. But if there is any velocity gradient in the main flow 
-21- 
direction, a perturbation field influenced by the effect of a finite Larmor radius will be established. However, 
we cannot expect any dissipative behavior from the above type of differential equation. In general, the 
2 flow field depends on all the parameters M2 A , o, ui, and ue (or pell/pill), and the description is II , 
very complicated. For sufficiently low and high Mach number flows, however, the description becomes 
relatively simpler. 
First we consider low Mach number flow, that is, M2 < 1 and N2 = 3M2/A2-0(1), and let I1 I I  
L/Ra be the spatial scale length. The basic equation for au/ax then is independent of finite Larmor 
radius effects, and reduces to a partial differential equation of the second order 
2 1 2  2 in which K (N t 2a - - u )/(N t u - 1). If oi - u and the parameter K is positive, the flow 
described would be laminar. If, however, K is negative, subsequent changes may be anticipated because 
N2 t 20 - $ u2 2 N2 t 2ui(l - ui)pill/pll and the flow is subject to the fue-hose instability if 
N2 t (I t 1 < 0 (Kennel and Sagdeev 1967g) and to the mirror instability if N2 t 2oi( 1 - oi)pill/pll < 0 
(Kennel and Sagdeev 196%). L Returning to cases with positive K, we thus find that au/ax may be 
described by a potential-type field, which depends only on N2 and u, as in ordinary CGL theory. 
In contrast with the latter theory, and also the subsonic crossed flow solution given in the previous 
section, the finite Larmor radius correction of the drift velocity in Ohm's law leads to a motion in the 
zdirection. If the perturbation on the right-hand side of (98) is expressed alternatively in terms of u, 
we have that 
3 
Clearly, w depends on the parameters oe and pel,/pill as wellas N2 and u. If au/ax vanishes 
downstream, then sa does w. 
Next, we consider high Mach number flow. When M2 S 1 and A2 and (60ipll/pill)~ are II  
q l ) ,  the last equation in (102) shows that Ra is proportional to Mil, and therefore becomes large 
for large MII and fixed L/R. With N2(pll/pill) (L/Ra) chosen to be the spatial scale length, the 
basic equations for the perturbation velocity components reduce to 
2 
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Thus, any variation of au/ax is impossible in t h i s  scale. The higher order term 4a3w/ax3) or 
A(a&/ax2) in (106) represents the effects of finite Larmor radius. Note especially that this term 
becomes dominant when A2 - 1, from which it may be inferred that effects of finite Larmor radius 
become predominant when A2 approaches unity. 
On the other hand, we notice that as M2 becomes larger the growth of RS2 is not 90 large as II 
M2 for fixed L/R. Then it may still be permitted to choose L / R a  as the spatial scale length. In 
this scale, the perturbation velocity components are governed by the following equations: 
II 
((2 - Oi)2  + 29(2  - Ui) - a4 
t a x4 
An initial disturbance of au/ax now develops to the short-scale perturbation field determined by 
(107), and simultaneously induces the corresponding fields of awlax and v indicated by (108) and 
(109). It may be noticed furthermore that only one parameter ui appears in these equations. The 
average behavior of awlax and of v at a point far downstream in this short scale yield the initial 
conditions for the large-scale disturbance governed by (106). In the neighborhood of ui = 2, a small 
disturbance of au/ax leads to corresponding large variations of awlax and v because of singularities 
in (108) and (109). In such a region, we need further analysis using a shorter scale, but that is clearly 
beyond the restriction of our basic equation, and we must return to kinetic theory. 
For A2 S 1, (107) to (109) are still valid, although (105) and (106) are no longer correct, but 
the original relations (97) to (101) determine the magnetic variations corresponding to the velocity 
disturbance given by (107) to (109). Thus, as A2 grows, the large-scale perturbation field tends 
2 2 toward the small-scale field. For A greater than M , the possible range of the anisotropic pressure II 
ratio is restricted appreciably, however, because of the fire-hose and mirror instabilities. 
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6. Alined stream with akelocity gradient 
In th is  section, we consider the actual behavior of au/ax governed by (107) under a certain 
boundary condition. For comparison with the results for a crossed flow, we take the same boundary 
conditions as applied previously, namely, that 
-0 for x=O a u  a% 
ax  ax2 
u=uo(y), -=6(y), -=-,,,- 
Taking the Fourier transform of (107) and (1 10) with respect to y, we obtain 
2 
d2 a. -, 
dx2 
-+LE3 u = o  
J N u’ <- for x+- 
The solution in the transform plane can be given as follows: 
4 
n=l 
I & = f a i  { 2a(F;2-a)fa(F;2-2a)?4(3F;2-Za)?4~ ?4 
where a = 1/0$2 - ui). The exponents & are imaginary over all F; for a < 0. On the other hand, for 
a > 0, they are imaginary, real, and complex for IF; I < (3a)-’, I F;l > 
respectively. The coefficients Cn can be determined by the boundary conditions (1 12). 
and (3a)-% < I t  I < a4, 
First we consider several special cases in which the solution can be easily found, namely, those 
for ai = 0, 2 and *. Although these cases may be lacking in physical meaning because of the 
divergence of the transverse velocity for ai = 2 and the mirror instability for ui + 00, they are useful 
as an aid to understanding the features of the solution for the general case. 
In the limit of ai + 0, the solution in the transform plane and the corresponding solution in 
the physical plane are 
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au  - = 6(y) ax 
Thus the velocity gradient at the initial location propagates along the x-axis without any deformation. 
In the limit of ui -+ 00, on the other hand, we have 
‘y, 1 b cos(bx6) - - sin(bxt) a-b , 
au a -= - { 6(y f bx) f S(y -bx))- b {6(y t a x )  f 6(y -ax)) 
ax  2(a-b) 2(a - b) 
where a = 1 f 7 1 %  3 and b = 1 - -3 1 %  . The perturbation field is composed of four disturbance fields 
2 
propagating in different directions: Two, having magnitude a/2(a - b) and the same phase as the 
initial disturbance, propagate in the directions of y = f bx. The other two propagate in the directions 
y = f ax with magnitude b/2(a - b), and phase opposite to that of the initial disturbance. 
The solution for ai = 2 
2 
- = -  all C O S ( k t 5 )  
ax  (47rXT3 
expresses a dispersive field. It should be noticed that xy dependence is different from that for a crossed 
flow, however. 
For the intermediate cases, we have more complicated perturbation fields. In the following, we 
discuss the case of 0 < ui < 2. If we put a % t = p, then the & are imaginary for Ip I < 3-%, real for 1p I > 1 and 
complex for 3-* <Ip I < 1. The last range may be subdivided into 3-’ < Ip I < 2-% and 
2-’ < ID I < 1 according to whether the real part of 
be expressed as follows: 
is positive or negative. Thus au/ax can 
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where 
I &(x,Y J?) = e dnx { cos (bnx) + - an sin(bnx)} cos (5 q) bn a 
Curves representing the results of numerical integration of (120) are plotted in figure 4. 
Asymptotic behavior of &/ax for large x may be found as in a crossed flow, by making appro- 
priate approximations in the functional form of the integrand and in the region of integration. The 
asymptotic expressions of the first and most dominant integral in (120) can be found by the procedure 
used previously in the first integral in (83). For xS1, and /yI not too large, the dominant contribution 
comes from the vicinity of 17 = 0. It can be evaluated by letting pl =E and changing the integration 
variable from rl to E .  Upon integration we have the following expression 
(124) 
Here, we may notice that the expression (124) reduces to (1 15) as u p  and to (119) as 5’2. On 
the other hand, for jy 1 SX%-I , the dominant contribution arises from the neighborhood of 77 = 3-* 
and the following expression can be obtained, 
-26- 
X h(x,y,q) dq Lp)l’4(&r’2 sin 
3 ‘a 6 ’ q  2-Ui) 
% 2  2 where z = (3a) x /8(2 - ui) ly I. 
Asymptotic expressions for the remaining integrals in (1 20) may be found easily, since they have 
an exponential term and the method of steepest descent can be used; as done hitherto. Although their 
detailed expressions are not presented here they contain exponential factors exp [ - ~ / 2 ~ / ~ ( 2  - ui)] and 
exp[- 5 xD3I2(2 - oi)] , corresponding to the integrals of &(x,y,q) and f(x,y,q), respectively, and 
their contributions can be neglected far downstream. Curves representing the asymptotic expressions 
given by (124) and (125) are presented in figure 4 for comparison with the essentially exact results 
obtained by numerical integration of (120). 
5 
Since (124) and (125) are valid only for large and small values of IyI , respectively, we cannot 
find awlax far downstream by integrating au/ax with respect to y. Equations (124) and (125), 
however, are even functions of y and (125) vanishes for large Iy I. Therefore, the final average profile 
of awlax in the short scale, and hence the initial profile of awlax in the large scale, will be propor- 
tional to a function like sign(y). 
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FIGURE LEGENDS 
Figure 1. Distribution of the velocity gradient in the main flow direction for crossed subsonic flow, 
2 
Me = 0.5. Here and in the following figures, solid (-) and broken (- - - ) lines denote 
numerically calculated and asymptotic curves: respectively. 
Figure 2. Distribution of the velocity gradient in the mainflow direction for crossed supersonic flow, 
2 Me = 2. 
Figure 3. Distribution of the velocity gradient in the main flow direction for crossed flow of infinite Me. 
Figure 4. Distribution of the velocity gradient in the main flow direction for alined flow of infinite 
MI1 and ~ i = l .  
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